Define N o as the number of bunch current "segments":
BASEBAND FORMULATION
Let T~,~ denote the nth bunch's deviation in arrival time at the cavity from the nominal, for thepth arrival. Of course if qn = 0 then rn,. is devoid of physicaI meaning; otherwise it is governed by the synchrotron ODE. However, the cavity sees the beam current as a signal, and that is the perpective of this section.
The time-infinite beam current is written, using Wilson's The term beamloading is to imply here the dynamical interaction between a given cavity resonance and the N - 
(1)
The utility of the IQ formalism lies in the fact that we need only consider the complex envelope, define_d as z ( t ) z l ( t ) + j z Q ( t ) , whose Fourier transform Z ( j w ) is also of order M in j w . In particular, the cavity output signal v(t) to an (AMRM) sinusoid f(t) is obtained via
T n , p , h p , as depicted in Figures 1-2 and defined in the next Section. Note that T ( t ) is Of use only in discussing the beam current as a signal; when addressing the system aspect (section 1.3 and on), T ( t ) will be abandoned.
I .2 Proof of the Proposition

I 'Bunch Train Signal
Use of the IQ formalism presupposes AMPM signals of the form (1). It is now shown that the beam current, modeled here as an impulse train, is seen by the resonance approximately as an AMPM signal about the carrier wc.
The width of R determines the minimum number of bunches that need be considered in a time domain analysis; arbitrary gaps in the beam current may make this determination difficult. Here, the number of representative bunches N is assumed known, chosen through modal analysis or made safely large. The Proposition is proved in three steps: interpolation, Taylor series approximation, and application of some Fourier properties.
Interpolation [1]
The signals q ( t ) and T ( t ) are formally
where TI is some period, and u(t) = 1 for t 2 0, and is zero otherwise. Define Since
Taylor Series Approximation Assuming that 1~( t ) l of (6) is small for all t, then the bilinear (first two) terms of the signal's Taylor series expansion approximate the signal [5].
Hence, the RHS of (6) can be rewritten as
(7) Fourier Analysis Via Fourier series it is known that C 6(t -nT1) = 2/Tl C cosnwlt, where the sum is for 3 k = -w n over the set of all integers. Applying. the transform identity Ij(t) +) j w Y ( w ) yields that Cb(t -nT1) = -2 w l / T l C n sinnwlt. Thus the RHS of (7) kowb E 0 for one and only one integer k,. Choose the carrier frequency according to w, = koWb. Thus by design, no harmonics of wb fall in the band 0, and it can be shown (e.g., via convolution) that the 0-BL resonance sees only the harmonic p = ko of (8), concluding the Proof. Remark The derivation of (3) does not impose any assumptions on the bunch longitudinal motion other than it is of small amplitude, cf. the traditional derivations using modal analysis and Bessel functions [6] . In addition, it allows for gaps in the bunch train.
Beamloading ODEs
It is convenient henceforth to use deviation from nominal values for all variables. Then the cavity portion of the overall beamioading system at baseband can be written as
where Io is the DC beam current. and (9) will be evident in the following development.
From the perspective of the mth bunch, the cavity voltage represents a forcing function that is nonzero only during the time intervals T m , during which the bunch couples to, i.e., passes through, the cavity. For example, bunch No. 1 of Figure 1 passes 
SWITCHED SYSTEM FORMULATION
By merging the cavity (9) and beam (11) 
APPLICATIONS
Given an initial condition x , , say at t = 0, then (12) represents an initial value problem, X ( t ) = A(t)z(t),x(O) = x,. Two properties of the system readily lend themselves to application of ODE system theory, see e.g., [7] . First, A ( t ) is piecewise constant, or a switched system, which means that the state transition matrix @(t, 0) for any t can be computed as the product of matrix exponentials. For example, in the case of Figure 1 , starting at t = 0, the state at 3.5Tb is given by eTbA3eTbA2eTbAoe0.5TbA1xo. A particularly useful application of this criterion is the identification of the cavity higher mode(s) that cause coupled bunch instabilities in a partially filled storage ring [9] : For each cavity mode, a new w, is determined, and then the eigenvalues of the corresponding @(To, 0) are checked for stability.
A final application (but originally the motivating application) is beamloading control. The authors of [lo] note that the now classic optimal state space control theory does not readily apply to multiple bunch beamloading. The switched system formulation, along with some recent control-theoretic results relating to the control of such systems [ 111, are therefore of particular interest and are currently under study.
